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I. INTRODUCTION
T HE focus of this paper is the communication scenario depicted in Fig. 1 . Two transmitter-receiver pairs communicate reliably in the face of interference. The discrete time complex baseband model is:
(1) (2) Here is the time index, is the signal at receiver while is the signal sent out by the transmitter (with ). The noise sequences are memoryless complex Gaussian with zero mean and unit variance. The transmitters are subject to average power constraints: (3) The complex parameters model the channel coefficients between the pairs of transmitters and receivers. They do not vary with time but the transmitters and receivers have different information about them.
• Receiver is exactly aware of the two channel coefficients ; this models coherent communication.
• Transmitters are only coarsely aware of the channel coefficients: the transmitters know that the channel coefficients belong to a finite set. Specifically, both the transmitters know that (4) This models potential partial feedback to the transmitters regarding the channel coefficients. A more general compound channel model allows for all four channel parameters to jointly take on different choices: (5) However, since the receivers do not cooperate in the interference channel, it turns out that the setting in (5) is no more general than the one in (4) . This is explored in Section VIII.
The key problem of interest is the characterization of the capacity region: the set of rate pairs at which arbitrarily reliable communication between the two transmitter-receiver pairs. The "compound" aspect of the channel is in insisting that the receivers be able to decode the messages of interest with arbitrarily high probability, no matter which of the finite states the channel coefficients take on. Our main result is a characterization of the capacity region up to one bit.
A special instance of the problem studied here is the classical two user Gaussian interference channel: in a recent work, Etkin, Tse, and Wang [4] showed that a single superposition coding scheme (a specific choice among the broad class of schemes first identified by Han and Kobayashi [1] ) achieves performance within one bit of the capacity region. The transmission involved splitting the data into two parts-one public and the other private-and linearly superposing them. The idea is that the public data stream is decoded by both the receivers while the private data stream only by the receiver of interest. The key identity of the proposed superposition scheme is the following: the power allocated to the private stream is such that it appears at exactly the same level as the background noise at the unintended receiver (the idea is that since the private data stream is being 0018-9448/$26.00 © 2009 IEEE treated as noise at the unintended receiver, there is no extra incentive to reduce its level even further than that of the additive noise). A novel outer bound developed in [4] showed that this simple superposition scheme is within one bit of the capacity region.
Implementation of the specific superposition scheme proposed above requires each transmitter to be aware of the interference level it is causing to the unintended receiver. In the context of the compound channel being studied here, the transmitter is not aware of the interference level; this poses an obstacle to adopting the idea of appropriately choosing the power level of the private data stream. One possibility could be to set the power level of the private data stream based on the strongest interfering link level (among the set of possible choices)-this would ensure that it is only received below noise level when the interfering link level takes on the other possible choices. However, this approach might be too pessimistic and its closeness to optimality is unclear.
We circumvent this problem by proposing the following novel twist to the general superposition coding scheme. Our main idea is best described when the interference links ( and in Fig. 1 ) take on only two possible values and the direct links are fixed (i.e., the sets and have cardinality of two, cf. (4)). We now superpose three data streams at each transmitter. Two of them, public and private, are as earlier: all receivers in all channel states decode the public message while only the receiver of interest decodes the private message (no matter the channel state, again). The novelty is in the third data stream that we will call semi-public: this data stream is decoded by the unintended receiver only when the interference link is the stronger of the two choices (and treated as noise otherwise). As such, this data stream is neither fully private nor public (the unintended receiver either treats it as noise or decodes it based on the channel state) and the nomenclature is chosen to highlight this feature.
The power split rule is the following: the power of the private stream is set such that at the higher of the interference link levels, it is received at the unintended receiver at the same level as the additive noise. The power of the semi-public data stream is set such that it is received at the unintended receiver at the same level as the additive noise only when the interference link level is at the lower of the two possible choices. The rationale is that the semi-public data stream is not decoded only when the interference link level is at the lower of the two possible choices, and thus it can transmit higher power than if its power is restricted by the higher of the interference link levels. This approach scales naturally when the interference link levels can take on more than two possible choices (the number of splits of the data stream is one more than the cardinality of the set of possible choices).
We derive novel outer bounds to show that our simple achievable scheme is within one bit of the capacity region. Our outer bounds are genie aided and are based on the clues provided by the typical error events in the achievable scheme. This approach sheds operational insight into the nature of the outer bounds even in the noncompound version (thus eliminating the "guesswork" involved in the derivation, cf. Section IV of [5] ).
The paper is organized as follows: we start with a simple two-state compound interference channel. In this setting, both the direct and interference link levels can take on only one of two possible values (so the sets and have cardinality two). Using a somewhat abstract setting (described in Section II) that features the Gaussian problem of interest as a special case, we present our main results (both inner and outer bounds) for this two-state compound interference channel. Our definition of the abstract setting is motivated by that chosen in [5] and could be viewed as a natural compound version of the interference channel studied by Telatar and Tse [5] . This is done in Section III. We discuss the insights garnered from these results in the context of the simpler noncompound interference channel in Section VI. Next, we are ready to set up the model and describe the solution the more general finite state interference channel; we do this first in the abstract setting (Section VII) followed by specializing to the Gaussian scenario of interest (Section VIII).
II. MODEL
Consider a two-user, two-state compound memoryless interference channel depicted as shown in Fig. 2 . There are two transmitters which want to reliably communicate independent messages to two corresponding receivers. Each receiver can be, independently, in one of the two possible states denoted by and , thereby leading to four possible channel realizations. We assume for our model that the interfering link corresponding to each state exhibits degradedness, i.e., the input to the channel from the first transmitter at any discrete time passes through a degraded discrete memoryless broadcast channel: the two outputs of the degraded broadcast channel are and (the degraded version)
. Similarly, at any time, the input to the channel from transmitter 2 produces and a degraded version of it. The channel to any one of the two receivers is decided by the state of that receiver: here there are only two states and . Once the state is decided, it is fixed for the entire duration of communication. When the first receiver is in state , the output at any time is (6) Similarly, when the first receiver is in state , the output at any time is (7) Here and are deterministic functions such that for every , and , the following function is invertible:
Likewise, the outputs of user-2 under the two possible states the channel to it can take are defined using similar deterministic functions and . We allow each receiver to be in potentially different states, and they are both aware of the state they are in. A pair of communication rates is said to be achievable if for every , there are block length encoders (8) Fig. 2 . A two-state compound channel model. and decoders (9) such that (10)
We are interested in the capacity region , which is the set of all achievable pairs. We can make a few observations as follows.
• The channel described here can be thought of as a natural generalization of that studied in [5] .
• An important special case occurs when the channels and are deterministic for both . This channel is a compound version of the deterministic channel considered by El Gamal and Costa [2] with the interference in state being a deterministic function of the interference in state .
• The compound Gaussian interference channel, with the cardinality of both the sets and restricted to 2 (in the notation introduced in Section 1), is a special instance of the model in Fig. 2 . We start with a compound Gaussian interference channel with Further, without loss of generality, we can assume that (11) (12)
With the following assignment, we see that the model in Fig. 2 can capture the Gaussian model in Fig. 1 
Here
, and are independent complex Gaussian random variables with unit variance.
III. MAIN RESULT
Our main results on the two-state compound interference channel are the following:
• we first show the performance of an achievable scheme and hence characterize an inner-bound; • next, we give an outer-bound to the capacity region and quantify the gap between the outer-bound and the achievable scheme; • specializing to the compound deterministic interference channel, we completely characterize the capacity region; • specializing to the compound Gaussian interference channel, we characterize the capacity region up to a gap of 1 bit (at all operating SNR values and all channel parameter values).
A. Inner-Bound: Achievable Scheme
The achievable scheme is characterized by , the set of random variables (21) such that the following Markov chain is satisfied:
Alternatively, the joint probability distribution function factors as
Our achievable scheme is a multilevel superposition coding one and can be viewed as a generalization of the two-level superposition coding scheme of Chong et al. [3] . The random coding method can be intuitively described as follows, using the "cloud-center" analogy from Cover and Thomas (see [9, Sec. 14.6.3]); a formal statement and its proof follow later. The random variables and are used to generate the outermost code books (with rate and , respectively) for the two users. These messages encoded via these code books are decoded by both receivers and, as such, can be interpreted as public information. Next, the random variables and are used to generate the next level of code books (with rate and , respectively). The messages encoded via these code books are decoded by the receiver with stronger interference (i.e., ) but treated as noise by the receiver with weaker interference (i.e., ); as such, these messages can be viewed as semi-public information. Finally, the messages encoded via the inner most code books (rates and ) are only decoded by the receiver of interest; thus this constitutes private information.
Given , we define the six-dimensional region as shown in (23)- (55) at the bottom of the page. We define the two-dimensional region (56) In other words is the projection of the six-dimensional polytope . One approach to take the projection, is to do the Fourier-Motzkin elimination, as done for the basic superposition coding scheme in the context of the regular (noncompound) interference channel [3] . Doing this explicitly is rather cumbersome as the inequalities here are much more in number than the inequalities that were handled by Chong et al. in [3] .
Theorem 1: The capacity region satisfies (57)
Proof: A formal description of the achievable scheme and the proof of this theorem are available in Section IV-A.
Particularizing, we restrict ourselves to a subset of defined as follows. Given random variables such that and are conditionally independent when conditioned on , we define random variables and which take values in , and and which take values in . They are jointly
satisfying (24)- (55) distributed with according to the conditional distribution (58) The Markov chain property satisfied by the random variables is pictorially depicted in Fig. 3 . Further and have the same marginal distribution and similarly and also have the same marginal distribution. Our choice is motivated by the choice in the paper by Telatar and Tse [5] . Every member of this family is uniquely determined by joint random variables such that is a Markov chain. We will henceforth denote the corresponding regions by and by . We now have the natural result as follows.
Corollary 2:
(59) where the union is over all such that is a Markov chain.
Proof: Follows directly from Theorem 1.
Remark 1:
We observe that the Fourier-Motzkin elimination procedure to implement the projection operation in obtaining would yield only a finite set of inequalities. This procedure is explained in much detail in [6] . The procedure eliminates one variable at each step, but in the process giving rise to potentially a larger set of inequalities. If there are inequalities to begin with, then after one elimination step the number of inequalities can be upper bounded by . Since, in our case we have to eliminate 4 variables and to begin with, we can upper bound the number of inequalities remaining by . Note that this upper bound can be very weak, as at every stage a number of these inequalities are redundant and can be discarded right away. Further, the right hand sides of these remaining inequalities would be linear functions of and for a fixed the right hand sides form a closed set of finite dimensions. Thus, by Carathèodory's theorem, we can conclude that the cardinality of can taken to be finite without loss of generality in the union in (59) and can be upper bounded by . in which the random variables are jointly distributed according to (58) and the channel conditional distributions. Proof: The definition of in Section V-A is motivated by the external representation of that we obtain in Section IV-B. Part(i) is proved in Section V-A. Part(ii) is proved in Section V-B.
B. Outer-Bound

C. Special Cases
Our model captures two important special cases:
• the compound deterministic interference channel; • the compound Gaussian interference channel, as discussed in Section II. Thus our results apply to these cases (readily for the deterministic channel, and with an appropriate approximation result to the continuous alphabet Gaussian channel). Moreover, the structure afforded by these special cases allows us to derive further insight into the nature of the general results derived earlier.
1) Compound Deterministic Interference Channel:
In this instance, the capacity region is exactly described.
Corollary 4:
For the deterministic compound interference channel, the inner bound in Theorem 1 is the capacity region.
Proof: The proof is elementary. When the channel is deterministic, we see that the gap claimed by Theorem 3 (63) This completes the proof.
2) Two-State Compound Gaussian Interference Channel:
For the Gaussian version, we can characterize the capacity to within one-bit.
Corollary 5:
For the two-state compound Gaussian interference channel, the achievable region of Theorem 1 is within at most one bit of the capacity region.
Proof: For the Gaussian channel, each of the mutual information terms in the expressions for and can be upper bounded by 1 bit. To see this, note that by (13). by our choice has the same marginal distribution as and further given is independent of . Therefore , where and are independent and identically distributed memoryless complex Gaussian random variables. Hence Additionally, we can use Gaussian code books to get to within one bit of the capacity.
Corollary 6: For the two-state compound Gaussian interference channel (67) where . This implies that is within one-bit of the capacity region of the two-state Gaussian compound interference channel.
Proof: See Section V-C.
IV. AN ACHIEVABLE SCHEME
We will present a natural, and novel, achievable scheme first. We will evaluate the set of reliable communication rates using this strategy and hence characterize an inner bound to the capacity region; this will complete the proof of Theorem 1. Next, we will see some important geometric properties of the achievable rate region.
A. Proof Of Theorem 1
Our coding scheme is a natural generalization of the scheme of Chong et al. [3] . Since there are two possible states for both receivers, each encoder now sends two sets of common information, with the receivers opportunistically decoding the common information (depending on the state). we choose the random variables corresponding to the two sets of common information in a degraded manner, following the same ordering of degradedness of the interferences under the two states (cf. 
and its projection onto the two dimension space by .
Lemma 7:
Proof: See Appendix B.
Thus, we have shown that the capacity region satisfies (112)
In particular, restricting to a subfamily of , where given random variables such that is a Markov chain and are defined by (58), we get (113) This completes the proof of Theorem 1.
B. Dual Representation Of
We have noted in Remark 1 that a finite set of inequalities (half-planes) are sufficient to describe . It was also pointed out that it is tedious to characterize explicitly. Nevertheless, we would like to derive some useful insights into their properties from the dual representation of . These will prove useful in deriving the outer bound.
We begin by noting that is a closed and bounded convex region. (In fact, we know that it is a polyhedron.) The external representation theorem of classical Convex set theory (see Theorem 18.8, [8] ) states that "an -dimensional closed convex set in is the intersection of the closed half-spaces tangent to it". Thus We make two additional important observations.
• The dual variables and correspond to the inequalities (54) and (55), respectively. These inequalities correspond to just the trivial hyper-planes, viz. and , and does not contribute to any other hyper-planes of .
• From Remark 1, we know that only a finite number of inequalities are sufficient to characterize . These observations lead to the following Lemma. The term is defined in Section V-A. Note that our definition of is inspired by the characterization of that we have obtained through Lemma 8. Further, quantifying the difference between and will give us the gap between the inner and the outer bounds.
A. Proof of Theorem 3(i)
Suppose there is a sequence of encoders at rates , sequenced by the block length , and decoders with probability of error going to 0 as . Fix the block length and consider the corresponding code book. Let be the random variables induced by the channel and encoders for uniformly distributed messages, independent across the two users. We define random variables which is obtained by passing through an independent copy of the channel , and by passing the so obtained through an independent copy of rhe channel . Similarly, we also define and from and independent copies of and . 
We use this in step (1) along with Fano's inequality for decodability under different states of the receiver. In step (2), we consider genies which provide different side-information 's to the decoders. Consider, for instance, the term . We will choose the side-information in such a way that we can form a correspondence between this term and the term contributed to the inner bound by the right hand side of the constraint (24). In particular, we choose the genie provided side-information to match the error-event corresponding to (24). More specifically, we note that the corresponding error-event is when receiver-1 in state correctly decodes the other user's common information , and its own common information , but makes an error in decoding its private message. Hence, the genie provides the side-information which can be shrunk to because of the Markov relationship between , and . Now, we expand the term to get (149). We can repeat these two steps for every term in (146): the (expanded) upper bounds on all the terms are given in (149) 
• Inequality (c) follows from the fact that conditioning reduces entropy. In particular,
• For equality (d), we used Now, we "single-letterize" using the chain rule along with the fact that the channel is memoryless and conditioning reduces entropy
where we set to be joint random variables such that is uniformly distributed over and,
for . Since the messages are independent for the two users, so are and . Therefore, satisfies the Markov chain . Further because of our choice of , the random variables satisfy the condition (58). Hence the random variables belong to the sub-family of that we described earlier, whose elements are defined by . The above step is done for all . Since the cardinality of is finite, we can use Carathèodory's theorem along the lines of Remark 1 to bound the cardinality of and make it independent of . Taking , we get
where
We are now ready to formally define
We have proved that if is achievable, then
This completes the proof.
B. Proof of Theorem 3 (ii)
For a given such that is a Markov chain, we need to quantify the gap between and , which are defined by (130) and (143), respectively. In order to do this, we quantify the gap between and .
Here and are defined as follows:
This completes the proof of Theorem 3.
C. Proof Of Corollary 6
Consider the two-state compound Gaussian interference channel. For this special case, we have the following result that identifies the Gaussian code books to be sufficient.
Lemma 9:
(196) where . We note for easy reference that is defined in (143).
Proof: It suffices to show that where is as defined in (193). 
Here, • in step (a), we denoted (204) and used the fact that conditional differential entropy is maximized with the Gaussian distribution under a covariance constraint (Lemma 1 [7] ). The denotes jointly Gaussian random variables with the same covariance constraints; • in step (b), we used Jensen's inequality. A similar argument follows for the other terms. To conclude, we have shown that (205) This completes the proof.
Finally, we can readily see the proof of Corollary 6. This is because (206) as a direct consequence of Lemma 9.
VI. DISCUSSION: INSIGHTS ON THE NONCOMPOUND INTERFERENCE CHANNEL
In this section we consider the noncompound interference channel model introduced in [5] ; this is a specific instance of our model and is obtained by setting . Our results, when specialized to this instance provide an alternative derivation of the results of Chong et al. [3] and Tse and Telatar [5] . Below we briefly sketch our results with an aim to compare and contrast the different proofs. The goal is not only to give better insight into existing results, but also to give an idea on how our new proof technique scales more naturally to the 2-state compound interference channel (and in general to the -state compound interference channel that we will describe in the next section). We first describe the achievable scheme and the inner bound. Following that, we will describe the outer-bound, focusing on contrasts between the different approaches.
A. Achievable Scheme
The special case of the noncompound version is obtained by setting (207) and, correspondingly, We rename as and as to be consistent with the notation of Chong et al. [3] .
The superposition achievable scheme can now be described by joint random variables (210) with the joint distribution factoring as 
Let its projection on the two-dimensional space (234) In [3, Th. 2], the authors explicitly evaluated the constraints that define this set and described it as the "compact version" of the Han-Kobayashi region [1] (which results from a somewhat different coding strategy, as compared to the superposition coding one). However, we know from Lemma 7 that (235)
We thus conclude the alternate proof of [3] (Theorem 2). Our approach differs from the approach of Chong et al. [3] in two ways.
• It is instructive to observe the similarities and differences between the 4-dimensional achievable region to the one in [3] (Lemma 3). First, the inequalities involved are the same. Howevber, several of these constraints are inactive when the boundary conditions on the data rates bite. We can immediately conclude that our achievable region is in general a superset of the region in [3] . This is somewhat surprising since the encoding method in both cases is superposition coding. The differences result due to our careful consideration of the error events in the decoding process.
• Chong et al. [3] described the two-dimensional region explicitly by carrying out the somewhat tedious algorithmic procedure of Fourier-Motzkin elimination. Further, they showed that a potentially bigger region (the compact description region) is achievable by time-sharing between two other schemes defined by and . In our approach, we entirely avoid describing the two-dimensional region explicitly. Further, we showed that there is no need to time-share between any other schemes, to achieve .
B. Outer Bound
For a given , the inner-bound region in Chong et al. [3] is described by seven linear inequalities involving and . In [5] , Telatar and Tse picked a specific choice of given by
In deriving the outer bound, Telatar and Tse [5] gave extra information to the receivers (the so-called "genie-aided" approach) to handle the seven inequalities. The rationale to what side information the genie should provide to handle the different linear inequalities was somewhat speculative (cf. Section IV [5] ). Our approach avoids an explicit representation of the inner-bound. This higher level description allowed us (cf. Section IV-B) to show that any inequality involved in the projected region can be obtained by linear combination of the inequalities (224)-(231). Further, each inequality in (224)-(231) arises from a typical error event consideration. We now have the operational insight into what side information to give when. We demonstrate this process in the instance of (224). This inequality must be satisfied to ensure that the Receiver 1 decodes its own private message, on the condition that it can decode both the public messages correctly. This suggests that corresponding to this inequality, we may give the side information . A similar argument handles each of the other inequalities (224)-(231).
VII. -STATE COMPOUND INTERFERENCE CHANNEL
In this section we consider the natural extension of the twostate compound interference channel to an -state compound interference channel. Our earlier results (both inner and outer bounds) also generalize naturally to the more general -state model.
A. Model
The -state compound interference channel is depicted in Fig. 5 . Each receiver can be in one of the possible states denoted by .
B. Results
We can characterize the inner bound and outer bounds to the capacity region in a way similar to the two-state compound channel. Inner Bound. Our coding scheme is -level superposition coding. This is much along the lines of the three-level superposition coding employed for the two-state compound interference channel. The coding scheme is characterized by jointly distributed random variables As earlier, we restrict ourselves to a subfamily of the jointly distributed random variables uniquely determined by in the following way:
Given
, we pick random variables (239) such that they have the same joint distribution as
but are independent of them.
Using these random variables, we generate the -level superposition random code books for each user with rates and respectively.
The decoding at each receiver is jointly typical set decoding. It is similar to the decoding described for the two-state. Each receiver tries to decode fully all of its own messages, but only partially decodes the other (interfering) user. This strategy can be seen as an opportunistic strategy where the extent of the interference that the receiver decodes depends upon the level of interference it sees.
The remainder description of the achievable rate region follows the same development pattern as for the two-state compound channel. It would be impractical (in terms of the length of the descriptions) to explicitly detail this description. As such, we briefly itemize the main points in the achievable region description below.
• We first have an achievable rate region in dimensions along the same lines as (111) (we have avoided the explicit description of the linear inequalities describing the region due to the tedium and length involved in doing so). As earlier, let be the projection onto the two-dimensional space where
We have that is achievable.
• We next define as a generalization of (23) and define its projection onto the two dimensional space . Lemma 7 can be appropriately generalized to show that (242) thus proving that is also achievable.
• We next characterize an external representation of , using an appropriate generalization of (130) to the -state model). In other words, we represent it as an intersection of hyperplanes, where the inequality used to define the hyperplane can be obtained as a linear combination of the inequalities used to define . Outer Bound.
An outer-bound can be derived with an external representation that is similar to the corresponding one for the inner bound (this step is a natural generalization of (143)). In deriving the outer bound, we use appropriate genie-aided techniques (that involve providing suitable side information to the receiver). Again, what side information is shared is decided based on the typical error events which lead to the corresponding inequality in the inner bound.
Gap.
Finally, we characterize the gap between the outer and inner bounds to the capacity region for the -state compound channel, in much the same way as we did for the two-state compound channel. This is stated formally below.
Theorem 10: For the -state compound interference channel of Fig. 5, if is in the outer bound to the capacity region, then is achievable, where
Specializing to the deterministic version, we can see that this gap is zero and hence the capacity region is characterized exactly. Specializing to the Gaussian version, we can see that this gap is no more than one bit. This completes the extension to the -state compound channel scenario.
C. Discussion
A few comments on the structure and properties of the achievable scheme are in order here.
• Note that the structure of the achievable scheme (or the power split in the Gaussian scheme), which is characterized by the joint random variables (245) depends only on the interference states and not on the deterministic functions . The functions however may still help in determining the actual achievable rate region. We highlight this point by considering the case when each of the degraded interference channels in our model are identity, i.e.
(246)
For this model the "compoundness" of the channel is only due to the functions . Indeed, only two levels of superposition coding suffice, much as in the noncompound version of the problem.
• Let us assume (247) Then our achievable scheme sets (248) This implies that the level of the code book corresponding to is "degenerate" and that we might as well set (249) Suppose, however that (250) and hence the two receiver states and are not the same. While the receiver in either state adopts the same decoding technique (with respect to the level of interference it decodes), the higher dimensional constraints on the rate vector, as imposed by the decoding condition for each state, are different. Nevertheless, we see that for the Gaussian case one of these states is always worse than the other and thus would be the critical bottleneck in determining the achievable rates; this is done next.
VIII. THE COMPOUND GAUSSIAN INTERFERENCE CHANNEL
A. Model
The single-antenna Gaussian interference channel is parametrized by the complex channel parameters . The compound Gaussian interference channel lets the channel parameters take values from a set -finite or infinite (251) Without loss of generality, we can assume that the cross-link gains take real values. To see this, consider the signal at receiver 1 (252)
Since our model assumes R-CSI, the receiver 1 can rotate the received signal by . Define (253) Observe that the channels from the two transmitters to the receiver are defined solely by the parameters . Therefore, the set is the set of states that the receiver can take. Now define as
In other words allows for all combinations of the possible states for both the receivers. Let denote the capacity region of the compound channel defined by the set . We have the following proposition.
Proposition 2:
Proof: Note that . Thus it is clear that any scheme that works for the compound channel also works for the compound channel . However, since the two receivers do not cooperate, only the marginal channels to each receiver decide the decodability of any communication scheme. We now conclude that a scheme that works for the compound channel also works for the compound channel . This completes the proof.
In the light of this observation, without loss of generality, we need only to consider compound channels whose state set decomposes as .
B. Finite State Compound Channel
Let us first assume that the cardinality of (or equivalently and ) is finite. In Section II we saw that the case where the cardinality of and is restricted to two is captured by the two-state compound interference channel of Fig. 2 . Similarly, the general case where and are finite (with cardinality no more than ) is captured by the -state compound interference channel of Fig. 5 . We see this formally below. The key point is the infinitely divisible nature of Gaussian statistics. This aspect was used to show that the scalar Gaussian broadcast channel is always stochastically degraded (see [9, Sec. 14 
Here 's are independent complex Gaussian random variables with unit variance. Note that the function captures the direct-link gains and . The channels capture the cross-link gains and as well as the additive noise.
Theorem 11: For the finite state compound Gaussian interference channel, multilevel superposition coding with Gaussian code books and opportunistic decoding depending on the interference state is within 1 bit of the capacity region.
Proof:
We have shown earlier in this section that any finite state Gaussian interference channel is captured as a special case of the model in Fig. 5 . Specializing the result of Theorem 10 to the Gaussian case, we have that the multilevel superposition coding is within 1 bit of the capacity. Further, it suffices to only consider Gaussian code books in the superposition code (along the same lines as Corollary 6).
C. Infinite State Compound Channel
We, next, consider the case of the compound interference channel with an infinite state set . The idea is to approximate the set by a quantized finite state . The finer the quantization is, the better the approximation will be. We first make a few key observations.
1) The number of levels needed in the superposition coding scheme only depends on the number of distinct values the cross link takes, i.e., if takes distinct values and takes distinct values then at receiver 1 we need a superposition coding scheme with levels and at receiver-2 we need a superposition coding scheme with levels.
2) The capacity of the compound interference channel depends only on the magnitude of the direct link gains and not the phase and further for fixed values of the cross-link gains, it is monotonically increasing with it. As a result, suppose
These correspond to two states of the receiver 1, which differ only in the direct link gain, but have the same cross link gain. As observed in the previous section, for either of the two states, the receiver adopts the same decoding method. Further, since we have restricted ourselves to Gaussian code books, we see that the performance is restricted only by the state that has the weaker of the two direct links. Therefore, at any receiver, for a fixed cross link value the direct link which is the weakest is the bottleneck. We can discard the state to reduce the set . The compound channel with the reduced state-sets and the original compound channel have the same capacity and a scheme that works for the reduced state-set also works for the original compound channel. We now succinctly describe the quantization procedure but will leave out the finer details of the proof. For the state set , we define the quantized state set obtained by taking an -level quantization of the cross link gains and the maximum quantization interval of length . As . We consider a scheme for this -state compound channel . This is an -level superposition coding scheme with Gaussian codebooks. We know that this scheme achieves within 1 bit of the capacity of the compound finite state compound interference channel . We look at its performance when the channel is actually an infinite state compound channel . The cross links do not take just the quantized state value but instead take values in an interval of length at most . However, the decoding (i.e., the number of interfering streams the receiver will decode) is done assuming that the receiver took value from the quantized state. The right hand side of the constraint inequalities on the sub-rates (which are similar to the right hand side of (30)-(53)) must now decrease to incorporate this difference. Assuming that these terms are continuous functions of the cross link gains with bounded derivatives they would decrease by a maximum amount of , where as . It can be shown that if can be achieved by this scheme for the finite-state compound interference channel , then can be achieved by the this scheme for the infinite-state compound interference channel .
Note that the capacity of the finite-state compound interference channel is itself an upper bound to the capacity of the compound interference channel . Hence by taking a quantization large enough, we can achieve the capacity of the compound interference channel to within 1 bit of its capacity.
APPENDIX A ANALYSIS OF PROBABILITY OF ERROR
In the following we consider the decodability conditions at receiver only. A very similar analysis applies to the other receiver-state pairs.
Due to the symmetry of the random code book generation, the probability of error averaged over the ensemble of random random code books, does not depend on which codeword was sent. Hence, without loss of generality, we can assume that the messages indexed by (265) were sent by the two transmitters respectively. Let us define the following event:
Letting denote the probability of decoding error at we have (266) (267)
The final inequality used the union bound. Let us consider each term in (267) and study the conditions needed to make it go to asymptotically (in ).
• It is straightforward to see that goes to as . 
We will find a
such that, by the following algorithmic procedure.
Step 1a) For , if then (279)
Step 1b) For , if then (280)
Step 2a) For , if then (281)
Step 2b) For , if then
First up, we note that at each step we are ensuring that and stay invariant. Next, note that if Proof: Consider Step 1a). Note that in this step we are potentially increasing , but the rest of the components either remain the same or decrease. Also note that in this step, we are keeping invariant. Therefore, we only need to ensure that the inequalities among (24)-(53) that have , but not are not violated. This can be verified to be true, because of the polymatroidal nature of each block of the inequalities in (24)-(53). The argument is similar for Step 1b).
Claim 2: At the end of
Step 2b), the new is in . Proof: Note that in Step 2a), the only component that potentially increases is , and so we might be violating one of the following constraints: (24), (25), (30)-(32), (39), (40), and (45)-(47). However, by setting , these violated constraints no longer matter for . The argument is similar for Step 2b). Note that at the end of Step 2b), we have ensured that all the components are nonnegative.
